AJAA JOURNAL
Vol. 32, No. 12, December 1994

Identification of Impact Forces at Multiple Locations
on Laminated Plates
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This paper presents an analytical method for the identification of force histories on a rectangular laminated
plate when it is struck by foreign objects at multiple locations. The governing equations of motion of the plate
are constructed by using the classical lamination theory and the Rayleigh-Ritz method. The modal superposition
method is then employed to obtain Green’s function in a transformed time domain. To obtain the impact force
histories exerted at multiple locations on the laminate, a constrained optimization method has been employed.
The method has been verified using both randomly generated numerical signals with a signal-to-noise ratio of
1.0 and experimental data. The agreement is satisfactory in all of the comparisons. The method is then applied
to further identify the actual impact points among several locations on a laminate that may be hit. With minor
modifications, this method is also applied to reconstruct the strain histories, a portion of which are accidently lost

in an impact event.

Introduction

ECAUSE of the tendency for invisible damage to occur inside

structures made of advanced composite materials, study of the
low-velocity-impact response of composite laminates has attracted
the attention of many researchers during recent decades. Most of the
work has involved analyzing the responses of a laminated structure
when the initial configurations of the structure and the impactor are
known.! To obtain the relationship between the impactor movement
and the plate motion at the impact location, the force-indentation
relationship has been frequently applied. This relationship may be
obtained by experiment,'-? by Hertz contact law,> or by more rigor-
ously theoretical derivations.*> In addition, the laminates analyzed
may be subjected to in-plane prestressed loading,® large deflection,’
or various types of damage.® On the other hand, experimental results
have been reported for the investigation of the responses of lami-
nated structures subjected to single">® or repeated>® impact load-
ing at low striking velocities. The relationship between a laminated
plate subjected to low-velocity impact and to quasistatic contact was
also reported.>!® When the initial striking velocity of the projectile
was higher, the focus was on investigation of the ballistic resistance
capability of the composite materials.!!>1?

An alternate approach to understanding the impact behavior of a
composite structure is to use the inverse method. When the impact
duration is short such that wave motion dominates the impact re-
sponse, the generalized ray theory is frequently employed.!* 4 As
the impact duration becomes longer, such as in low-velocity impact
by a foreign object, the generalized ray theory becomes not applica-
ble because stress waves are reflected many times from the bound-
aries of a structure. To overcome this problem, Doyle has proposed
a frequency domain method using a complicated filtering procedure
to suppress the effect of this wave reflection and has successfully
identified the impact force of a duration longer than 1 ms,!>16

Another method for identifying the impact force history with adu-
ration on the order of 1 ms is to use the modal superposition method.
Hollandsworth and Busby!” have identified the impact force exerted
on a cantilever beam using the response recorded by an accelero-
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meter as the input data. For a circular plate struck at its center, Wu
et al.'® have constructed Green’s functions from a series of Bessel
functions. An optimization method was employed to search for the
optimal impact force history. In the same paper, they also proposed
an experimental method, by which the impact force history could be
identified through a simple deconvolution process. This empirical
method can thus be applied to structures with complicated material
properties or boundary conditions. However, responses of a structure
to impact of foreign objects acting simultaneously at multiple loca-
tions have not been addressed by any of the aforementioned studies.

In this paper, an analytical method has been developed to iden-
tify the force histories of a composite laminate when it is struck by
foreign objects at multiple locations. This situation may be encoun-
tered when a flying vehicle is passing through a region with rain,
dust, or hail. In other situations, multiple dents may be found on
the surface of a laminated structure such that it is hard to determine
whether single or multiple impact occurred. For all of these situa-
tions, the method developed in this paper can be used to identify the
impact force histories from the recorded strain histories. Further, this
method can be extended to reconstruct the strain histories when a
portion of the strains are not recorded due either to an improper trig-
gering setting or to unexpectedly large signals occurring in an impact
event. To develop this analytical method, a rectangular composite
laminated plate will be modeled by using the classical lamination
theory, and the Rayleigh-Ritz method will be employed to form the
governing equations of motion of the plate. The modal superposition
method will then be applied to construct Green’s functions, which
will be used to relate the forces exerted at multiple locations to the
responses of the plate. Meanwhile, the gradient projection method
will be applied to search for the optimal impact force histories. Both
numerical data with a signal-to-noise ratio of 1.0 and experimental
data will then be used to verify the proposed method.

Analytical Method
Governing Equations
The displacement field of the laminated plate shown in Fig. 1 can
be expressed in the following form if the classical lamination theory
is adopted:

dw
X s v9t=__ ’ ,t
ur(x,y,2,8) zax(xy)

2
Uy (6, Yo 20 ) = —2 o (x, . 1) M
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u(x,y,2,t) =wlx,y,1)
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where u, and u, are the displacements in the x and y directions,
respectively; and w is the lateral displacement and is the only in-
dependent variable. In this study, this lateral displacement field
is expressed in the following form by applying the Rayleigh-Ritz
method!®—2!;

wx, y, 1) =) wyO&E) @

ij

where £; (x) and n; () are the vibrating modes of Euler beams (beam
functions) satisfying the boundary conditions in the x and y direc-
tions, respectively; and w;;(¢) is the generalized coordinate asso-
ciated with the kinematically admissible displacement, &; (x)n; (y).
The strain-displacement and the constitutive relationships can then
be applied to calculate the strains and the stresses, respectively.

The Hamilton principle is employed to obtain the governing equa-
tions of motion of the laminated plate. The kinetic and strain ener-
gies, respectively, read

h

1 b a 5
T=—/ff p (i + i3 + %) dz dx dy 3)

2Jo Jo -4

and
1 b a %
V= 3 / / (0x€x +0y€y + 21456, )dzdxdy  (4)
0o Jo J-&

where p, a, b, and h are the density, dimensions in the x and y
directions, and thickness of the laminated plate, respectively. The
work done by the applied multiple impact loads is

L b a
W= Z/ / Plu,dxdy &)
i=1 VO 0

where L is the number of the impact forces applied, and P =
P'(x;, y;, t) is the ith impact force acting in the z direction of the
plate. Thus, the equations of motion of the plate are

L

[MHG)} + [KHg) = ) (P} ©

i=1

where g is the vector formed by w;;(#). In Eq. (6), the mass matrix
[M] and the stiffness matrix [K] are both of order N x N, where
N = N; x N,, and N, and N, are the numbers of beam functions
in the x and y directions, respectively. The value of each element
of these two matrices can then be calculated directly. On the other
hand, each of the exerted impact forces is assumed to be a point
load. Thus, the generalized force is

{P1} = PY (Y} pm) M
where

(Y} = {&n, &, ... 8, S22, - )

Fig. 1 Coordinate system, applied forces, and deformation of a lami-
nated plate.

and (x;, y;) is the impact location corresponding to the ith impact
force P; on the plate.

Green’s Functions

To obtain Green’s functions, which correlate the forces exerted at
multiple locations on the plate to the plate response, the modal su-
perposition method is employed. Thus, the right-hand side of Eq. (6)
is set to be zero to obtain N number of natural frequencies (eigenval-
ues), wi, wy, . .., Wy, and the corresponding modal shapes (eigen-
vectors), {e1}, {e2}, . .., {ex}. Because the vibrating modes, each of
which is constructed by the N beam functions, are orthogonal, the
vector {g} can be expressed as

N
fa) =) _a;(0ie;} = [X}a} ®)
j=1
where
[X] = [{ei}, {e2}, ..., {ex}] )]
and
) ={a1,as,...,ax)} 10)

is the vector formed by the generalized coordinates of the dynamic
system expressed in Eq. (6). Thus, a system of decoupled ordinary
differential equations can be obtained as

L
mid;+kja; =Y PO Wy  J=1,...,N (1D
i=l1

where
m; = {e;}" {M}e;}
kj=m j&)?
Letting the plate remain stationary before impact, Eq. (11) can be
integrated in terms of the following convolution integral:

L '
. — {ej}T{Y}(Xi.yi) i . L
a;(t) = ; —mjwj /o Pi(z) sin[w; (¢ — 7)]dr, -
j=1...,N

By assuming that the impact force P(t) varies linearly within a
time step, At, Eq. (12) is expressed in the following form at ¢ = #
as

L k-1
Ay = Z{e,-}T{Y}(x,.,yi> [Z Rk —s, j)P:+ T(j)P,;‘] (13)
i=1 s=1

where
) 1 . .
R({, j)= —k,-a),-At [— sin (w;t_1) + 2 sin (w;1;)

— sin (w;t141)] 14

. 1 sin (w; Ar)

T(j=—|1- —~=~— 15

0 6 [ o, AF ] 15)
For rigid-body modes, i.e., w; = 0, the previous two equations read
R{, J) = (A1) [m; (16)
T(j) = (A1) /(6m;) an

Thus, at t = #;, Eq. (8) becomes

{9} = [XNak 13)
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At a strain gauge location, e.g., (x;, s, h/2), the strain response at
t =1 is

L k
= Z Z Glerr-s P 2
i=1

j=1
where
Gy = —h/2 - T [XUTAXT{Y }e 3y (20
Gy = —h/2 T IXIRIXT {Vgryy k= ji=1 1)
[R] = diag[R(j, D, R(j,2), .. ] (22
[T]=diag[T (1), T(2),...] (23)
&/, &, - Ey . B s B T Faw )
Ty = fr=x 24)
BT el B 81 En TR
iff=y
and diag is a diagonal matrix.
Ifoneexpresses Eq.(19)at t = 11, 1z, . . . , t, the following matrix
form can be obtained:
r Gl Pl
r L Gz . G] 0 P2
3l _ G: G G Pl (05
: 2 AR :
tn Gn Gn—l Gn—2 ot Gl Pn

i i
where n is the number of the time steps used to discretize Eq. (19)
in time.

Inverse Method
Equation (25) can further be expressed in a form as

= XL: G;P; (26)
i=1

where r and P; are n x 1 vectors, and G; is an » X n matrix. In the
inverse problem, P; are the unknowns to be obtained. Note that the
response recorded by a single gauge is not sufficient to identify the
impact force histories. This is because the number of unknowns is
greater than the amount of recorded strain data. Therefore, multiple
gauges are needed, and the following condition must hold:

=iGﬁPi; _]=].,
i=1

where M is the number of the gauges used.

In view of the ill-posed characteristics of Green’s functions, Gj;,
Eq. (27) is converted into the following error function and is solved
by using the optimization technique:

M L T L 4
E=Z(l‘j—ZGﬁPi) (l’j —ZGjiPi)v M=>L
j=1 i=1 i=1

28
In this study, the gradient projection method,?? which is a con-
strained optimization method, is used to solve Eq. (28). The only
constraint employed in the process of searching for the impact forces
is that the applied forces must always be in compression, i.e., al-
ways in the —z direction (Fig. 1). Expanding Eq. (28), a quadratic
form of the unknowns, P;, is obtained. Therefore, the impact forces
optimally searched must be such that the error function E is of the
global minimum value, which is thus the solution of interest.

M, M=>=L (@27

Numerical Verification
Results and Discussion
Numerical verification was performed by striking a freely sup-
ported T300/976 Gr/ep [05/905], laminated plate at multiple loca-
tions. The dimensions of the plate were 200 x 200 x 2 mm. The
material properties for each unidirectional lamina were

E; =121.6 GPa =9.17GPa

G12 =15.27GPa Vi = 0.29 (29)

p = 1553 kg/m®

Each of the impact locations in a multiple impact event was gener-
ated randomly using a random number generator. On the other hand,
the corresponding impact force was constructed as

IOOOsm( ) ZIOOC,, sm( )

P:(t) = 30
® i=1,...,L,0§t5T 30)

0 t>T

The value C;; was generated randomly, and L is the number of
impact forces exerted at the plate. The summation terms for j =
2, ..., 10, were further adjusted such that the impact force P;{t)
> 0, i.e., P;(¢) in compression. The period T was 400 us. The total
recording time was 700 us. The highest frequency content of the
impact force in Eq. (30) was 12.5 kHz. Thus, 10 beam functions in
both the x and y directions were employed, whose highest mode was
on the order of 20 kHz. The time step selected was 2 us. Therefore,
a total of 350 time steps was needed for every impact event.

A typical example for impact at multiple locations on the lam-
inate is shown in Figs. 2-5, in which two impact forces acted si-
multaneously, and strains at four locations were used as the input
data for force identification purposes. The coordinates of the two
impact locations were (100, 61) and (59, 106) mm; and the four
strain locations were (55, 50), (150, 55), (145, 150) and (50, 145)
mm, as illustrated in Fig. 2. It has been found that use of multiple
gauges, which results in an overdetermined condition in Eq. (28),
gives a better correlation between the identified and the given im-
pact force.!®2! Thus, in this section, the amount of strain data was
always greater than that of the impact forces. This effect of using
more input data than required will also be justified experimentally in
the next section. The “true” impact forces and the strains are shown
in Figs. 3 and 4, in which the “true” strains were obtained by for-
ward calculation using both Eq. (27) and the “true” impact forces
as the input data. The identified impact forces are also illustrated
in Fig. 3. The agreement is very satisfactory. The slight deviation
between the identified and the true force histories at close to the end
of the impact event was due to the characteristics of the convolution
integral. On the other hand, the identified and the true strains shown
in Fig. 4 coincide exactly.

In an optimization problem, the convergent criterion is always
critical for the quality of the obtained solution. To obtain the op-
timal convergent criterion for the problem, the value of the error
function in Eq. (28) and the corresponding convergent rate |AE/E|
are plotted in Fig. 5. It has been shown that the convergent criterion

200
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Fig.2 Positions for the calculated strains and the impact forces.
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can be set at an iteration number after which the value of the error
function becomes not much changed.?’"?* This method of select-
ing the convergent criterion is adopted in this study. Thus, in this
example, an iteration number of 500 was used as the convergent
criterion.

Effect of Noise .

Because signals recorded in an impact event are always contam-
inated with noise to a certain extent, the method developed in the
previous section is to verify for applicability under such conditions.
In this subsection, randomly generated noise, which is considered to
be uncorrelated, is added to the “true” signals previously shown in
Fig. 4. In the next section, impact responses recorded from experi-
ment, which are contaminated with both correlated and uncorrelated
noise, are further used to verify the developed method. The signal-
to-noise ratio is defined as

Smax ) in
S/N ratio = m (€19)]

-------- original
identified
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Time (1 sec)

Fig.6 Original noisy strains and identified strains at the four locations
shown in Fig, 2.
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Fig. 7 Original impact forces and those identified using the noisy
strains in Fig. 6.

where Sy and S represent the values of the maximum and the
minimum signals in an impact event, and Ny, and Ny, are the
noise of the maximum and the minimum values, respectively. In
this study, the S/N ratio is set to be 1.0; i.e., the maximum dif-
ference in amplitude for the signals and for the noise are of the
same magnitude. This noise was generated using a random num-
ber generator and was in the Gaussian distribution with zero mean
and with the standard deviation of 1.0. These noise-contaminated
strains, called the “original” strains in this study, are shown in a
typical example as the broken curves in Fig. 6, in which noise of the
S/N ratio of 1.0 was added to the true strains in Fig. 4. On the other
hand, the “original” impact forces shown as the broken curves in
Fig. 7 are identical to those of the true forces in Fig. 3. Also shown
in Fig. 7 are the identified impact forces, which used the four noisy
original strains in Fig. 6 as the input data. The agreement between
the original and the identified forces is considered to be satisfactory.
The identified strains, which were forward calculated directly using
Eq. (27) and using the identified forces in Fig. 7 as the input data,
are also illustrated in Fig. 6. It was found that the effect of the added
noise was suppressed and that the identified strains generally passed
through the mean of the noise carried on the true strains.

Experimental Verification

Setup and Procedure

The experimental setup for verification of the developed method
is shown in Fig. 8. A free-supported T300/976 Gr/ep laminated
plate of [03/907]; stacking sequence was used. The material
properties are listed in Eq. (29). The dimensions of the plate
were 142 x 141.2 x 2 mm. Three KYOWA KFG-2-350-C1-11
strain gauges were mounted on the impact side of the plate at
locations no. 1:€,,(41.0,40.6), no. 2:¢,,(91.0,70.6), and no.
3:¢,,(41.0,100.6). The strains were properly amplified using
KYOWA CDV230C signal conditioners, whose cutoff frequency
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Fig. 9 Locations of impact and strain gauges.

was 200 kHz. On the other hand, impact was conducted using a
PCB 086B01 SN6445 instrumented hammer. A four-channel Nico-
let oscilloscope was used to record the impact-induced strains and
forces. Because of the number-of-channel limitation, the multiple-
impact condition was simulated by adding the strain data from sev-
eral single-impact events. This is considered to be applicable be-
cause each impact force exerted by the instrumented hammer was
small, and the plate was in the elastic state with very small strain
values. Thus, the superposition principle is considered to be appli-
cable.

To help identify the impact locations, the hammer head was
marked with chalk. This hammer head was 3 mm in diameter. Thus,
the exerted impact force could be treated as a point load. All of the
recorded signals, including the impact forces and the strains, were
directly transmitted to a PC through an IEEE-488 interface card
without any filtering process. In all of the impact tests, the sampling
rate used in the oscilloscope was 1 us.

Results and Discussion

Figure 9 shows a typical example, in which three impact forces
acted on the same laminated plate at the same time. The impact
locations were (123.0, 96.0), (24.5, 24.0), and (79.0, 128.5) mm.
The strain histories corresponding to this impact event are illustrated
in Fig. 10. Also shown in this figure are the identified strains, which
will be discussed later.

To decide how many vibration modes are needed in the analysis,
the frequency spectrum of the recorded strains needs to be obtained.
Figure 11 illustrates a typical energy spectrum, which was obtained
through fast Fourier transform using the signals in gauge 1in Fig. 10.
The energy contents of this strain were found to be mostly within
60 kHz. Thus, 14 x 14 beam functions were used to construct the
displacement field in Eq. (2). The natural frequency corresponding
to the highest mode was 70.6 kHz.

The measured impact forces in this triple-impact test and the
corresponding identified forces are shown in Fig. 12, in which the
latter forces were obtained using the measured strains in Fig. 10
as the input data. The time step used in this example and in the
subsequent analyses was always At = 4 us. The overall agreement
is considered to be reasonable. The rise time, the force peaks, and the
phases for all three identified impact forces are in good agreement
with the measured values. The deviation may be due to the effects
of noise, the experimental limitation, and the difference between
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Fig. 10 Measured and identified strain histories.
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Fig. 12 Measured and identified impact forces.

the actual laminated plate and the mathematical model constructed
using the classical laminate theory and the Rayleigh-Ritz method.

Another cause of the deviation was that the number of the un-
knowns P;,i = 1,2,3, was identical to the number of the strain
data. Thus, this is a determined situation in an optimization prob-
lem. It has been found that this is the worst situation for obtaining
an optimal impact force history.!®?'2 In the examples illustrated
later, better correlation is always obtained if the number of input
strain data is greater than that of the unknown forces.

Also shown in Fig. 10 are the identified strains. These strains were
directly calculated using Eq. (27) and by using the identified impact
force histories in Fig. 12. The correlation between the measured and
the identified strains is much better than that of the impact forces.

Impact Location Identification

Impact location identification is a very difficult task. When the
rise time of an arrival signal is short, the arrival time method has been
used along with the wave theory.?* Unfortunately, this approach is
not applicable to low-velocity-impact problems because the arrival
time of the signals is difficult to identify.”®> A new method was
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recently developed to identify the location of impact when a plate
was subjected to single strike at low velocities.2>?6 In this section,
the method developed in this paper is further applied to search for
the actual impact points among several candidate locations on a
composite lJaminate. Because of the limitation of the channel number
for the oscilloscope used and also to preserve the overdetermined
situation, two suspected impact locations are selected, but only one
of the locations is the actual impact point. The recorded strains are
shown in Fig. 13 as the broken curves, and the impact force was
exerted at either location 1 or location 2 in Fig. 9. To identify the
actual impact location, the impact forces were assumed to apply
at both locations. The method developed in a previous section was
then employed to solve the problem. The identified impact forces
are illustrated in Fig. 14 as the solid curves. From this figure it was
found that the laminate was struck at location 1 and that the “force”
obtained at location 2 was essentially the noise.

In Fig. 14, the measured impact force is also plotted and is identi-
cal to force 1 in Fig. 12. It is clearly found that the identified force in
this example is in better agreement with the measured force than is
that shown as force 1 in Fig. 12, which corresponds to a determined
situation. This is because the total number of strain data shown in
Fig. 13 is 1.5 times more than that of the “two” unknown force his-
tories in Fig. 14. This was thus an overdetermined problem during
the search process of the impact forces. Therefore, in a single- or
multiple-impact event, once the actual impact locations, whose total
number is L = m, are identified among the candidate Iocations of
L = m,, my > my, the analysis using the developed method can
always be performed once more by using Eq. (28) with L = m,
instead of L = m; to search for the impact force histories. In such
a situation, because the data ratio between the responses and the
unknown forces increases, a better correlation between the identi-
fied and the measured forces can always be achieved.

Reconstruction of Incomplete Strains

In an impact event, sometimes a portion of the recorded structural
responses is missing. This situation usually happens when an im-
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Fig. 15 Measured and identified forces obtained from incomplete
strains.
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Fig. 16 Measured incomplete strains and reconstructed strains.

proper triggering level is set to record the transient signals or when
the magnitudes of the signals are unexpectedly large at certain time
intervals during impact, resulting in an overflow problem. In the
former situation, the data at the beginning of an impact event are
missing, whereas, in the latter situation, the data may be lost any-
time during impact. If either of these situations occurs, one usually
needs to redo the experiment. As a result, there needs éxtra cost and
additional time is consumed. In this section, the previously devel-
oped method is applied with a minor modification to reconstruct the
lost data.

As a typical example, the measured impact forces are shown as
the broken curves in Fig. 15. These forces were exerted at locations
1 and 2 in Fig. 9. The recording period was 1400 us. However, as
shown in Fig. 16, the following strains were missing: 1) gauge 1:
0-500 us, 2) gauge 2: 836-1096 us, and 3) gauge 3: 8961096
us. Thus, the numbers of the lost data were 125, 60, and 50, re-
spectively, because At = 4 us. Therefore, for gauge 1, Eq. (25) is
changed to

Tp
Tp41
Tn
P,
G, G, G, P;
Gp+1 Gp Gl P3
=1 : : : A :
Gn Gui Gua -0 oo oo Gi, P
nty
(32)
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where p = 125, n = 350 and L = 3. Similarly, the general expres-
sion for gauges 2 and 3 is

n G1 -
i _ L Gp Gy
rq e G, Ggox oo o e Gy
Tn G,, Gr.:—l Gn—2 “ee v Gl—i
Py
Py
x1 (33)
P,

i

where p and g are 209 and 274 for gauge 2 and 224 and 274 for gauge
3, respectively. Thus, by substituting Egs. (32) and (33) into Eq. (28),
one can obtain the optimal impact force histories accordingly. The
identified impact forces are shown as the solid curves in Fig. 15.
Once the impact forces were identified, the lost strain data were
reconstructed using Eq. (27). These results are shown in Fig. 16, in
which the reconstructed strains are in very good agreement with the
measured strains.

The only limitation for the reconstruction of the lost strains is
that the number of unknown force data must be smaller than that
of the strains that have not been lost. Thus, within this limitation
any portions of the strains that are lost in an impact event can
be reconstructed. In this example, the number of strain data was
3 x 350 — 125 — 65 — 50 = 810. On the other hand, the number of
unknowns is 700 < 810. Thus, this was within the limitation. Fur-
ther, because this is in an overdetermined situation, the identified
impact forces are in better agreement with the measured forces than
are those in Fig. 12, which is in the determined situation.

Conclusions

The analytical method for identification of impact force histories
exerted at multiple locations on a laminated composite plate has
been presented. This method begins with construction of approxi-
mate Green’s functions by using the classical lamination theory, the
Rayleigh-Ritz method, and the modal superposition method. The
gradient projection method has been successfully adopted to search
for the optimal impact force histories. This method has been verified
using both randomly generated numerical signals with a signal-to-
noise ratio of 1.0 and experimental data. The agreement in all of
the comparisons was satisfactory. This method was then applied to
identify the actual impact points among several candidate locations
at which the plate was possibly hit. The method was further applied
with slight modification to reconstruct the incomplete strain data

in an impact event. This situation is frequently encountered in an

impact event. It has also been found that the use of signals from
more gauges than required always helps identify the impact force
histories with better accuracy.
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